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1. Introduction

The main feature of Lagrangian numerical methods lies in the fact that the motion of the fluid is intrinsically linked to the
geometrical transformation that follows the fluid path. This ensures that there is no mass flux crossing the boundary of the
control volume moving with the fluid. Thus, interfaces in multi-dimensional flows are sharply resolved. In this framework,
one has to discretize not only the gas dynamics conservation laws but also the point motion in order to move the mesh.

At the discrete level, the most natural framework employs staggered-grid hydrodynamics (SGH). The term staggered re-
fers to spatial centering in which position, velocity and kinetic energy are centered at points, while density, pressure and
internal energy are within cells. The one-dimensional scheme was developed by the pioneering work of von Neumann
and Richtmyer [32] and its two-dimensional extension was achieved by Wilkins [33]. In its original version this finite
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difference scheme has some drawbacks related to conservation loss, control of entropy production via artificial viscosity and
spurious grid distortion. Many improvements have been made in order to increase the accuracy and the robustness of SGH
discretization. In [11], artificial grid distortion and hourglass-type motions are under control by means of Lagrangian sub-
zonal masses and pressures. The construction of a compatible SGH discretization [9] leads to a scheme that conserves total
energy. Moreover, this compatible derivation allows for the specification of forces such as those derived from an artificial
viscosity or sub-zonal pressures. Finally, the discretization of artificial viscosity has been considerably improved: first by
introducing formulations for multi-dimensional shock wave computations [8] and then by deriving a tensorial artificial vis-
cosity with a mimetic finite difference discretization [6]. The three-dimensional extension of the SGH discretization can be
found in [10] and also in [5].

In [27,26], the variational multi-scale stabilized (VMS) approach was applied in finite element computations of Lagrang-
ian hydrodynamics. In that case, a piecewise linear continuous approximation was adopted for the variables. The case of Q1/
PO finite element is investigated in [28] wherein the kinematic variables are represented using a piecewise linear continuous
approximation while the thermodynamic variables utilize a piecewise constant one. To capture shock waves, VMS method
needs a tensorial artificial viscosity. It shows promising results for two- and three-dimensional shock computations. How-
ever, it must be noted that it cannot properly preserve interfaces in the case of multimaterial flows.

An alternative to the previous discretizations is to use a cell-centered discretization in which all the physical variables
(density, momentum, pressure, total and internal energy) are within the cell. The fluxes and the node displacement are both
computed using Riemann problems at interfaces. This method for Lagrangian gas dynamics in one dimension, has been first
introduced by Godunov, see [16] and [25]. Its two-dimensional extension has been performed during the 80s [2,15]. This
scheme is a cell-centered finite volume scheme on moving structured or unstructured meshes. It is constructed by integrat-
ing directly the system of conservation laws on each moving cell. The flux across the boundary of the cell is computed by
solving exactly or approximately a one-dimensional Riemann problem in the direction normal to the boundary. The main
problem with the two-dimensional version lies in the fact that the node velocity required to move the mesh cannot be di-
rectly calculated. In [2], the node velocity is computed via a special least squares procedure. It consists in minimizing the
error between the normal velocity coming from the Riemann solver and the normal projection of the vertex velocity. It turns
out that it leads to an artificial grid motion, which requires a very expensive treatment [14]. Moreover, with this approach
the flux calculation is not consistent with the node motion. Recently, new cell-centered methods have been proposed in
[18,1]. These new approaches use a fully Lagrangian form of the gas dynamics equations, that is, the gradient and divergence
operators are expressed in the Lagrangian coordinates. This type of discretization has to follow the Jacobian matrix associ-
ated with the map between Lagrangian and Eulerian spaces. In [18], the coefficients of the Jacobian matrix are introduced as
new independent variables located within the cells. The vertex velocity is obtained by inverting compatibility conditions. In
this case, the node displacement is not consistent with the flux computation. To solve this problem Després and Mazeran in
[12] use the free divergence constraint to discretize the coefficients of the Jacobian matrix at the interfaces. They show that it
amounts to compute the node velocity in a consistent way. The key point in this work is the introduction of a nodal Riemann
solver such as to derive the nodal velocity coherently with the interface fluxes. The global conservation of momentum and
total energy is achieved and semi-discrete entropy inequality is provided. However, this nodal solver exhibits a strong
dependence on the cell aspect ratio which can lead to severe numerical instabilities. This difficulty is critical for Lagrangian
hydrodynamics computations and thus has motivated Maire et al. [21] to propose an alternative scheme that successfully
solves the aspect ratio problem and at the same time keeps the consistency between the node displacement and the fluxes
computation. This scheme also locally conserves momentum, total energy and it satisfies a local entropy inequality. The
main new feature of this algorithm is the introduction of four pressures on each edge, two for each node on each side of
the edge. This is the main difference to the scheme presented in [12].

In the present paper, the Lagrangian formulation is considered in the Arbitrary-Lagrangian-Eulerian (ALE) framework
with the constraint that the mesh and the fluid velocity coincide. We develop a finite volume formulation for unstructured
grids, wherein control volumes are made of polygons in 2D and polyhedra in 3D. The only assumption needed for our scheme
is that the faces of the cells must be (d — 1)-simplices, where d is the dimension of the space. For d = 2 this assumption is
always satisfied, for d = 3 we split each face of the polyhedral cells into triangles. The link between the vertex velocity and
the fluid motion is obtained by a formulation of the momentum conservation on a class of sub-scales encased volumes
around mesh vertices. This lead to a balance relation between sub-zonal forces which are computed by half-Riemann prob-
lems to define vertices motion and control the numerical viscosity. In order to ensure conservation properties and consis-
tency with the geometric conservation law (GCL), velocity and pressure are interpolated on interfaces with two different
sets of linear functions, satisfying an orthogonality property. The resulting numerical fluxes are compatible with the mesh
motion. Moreover, in the two-dimensional case, this formulation, in its first-order version, recovers the schemes proposed in
[12,21].

Finally, we have designed a high-order multi-dimensional Lagrangian scheme by consistently deriving discrete equations
for the time evolution of mesh nodes, momentum and total energy. These discrete equations are obtained by means of a
multi-scale study aiming at satisfying the governing equations at different mesh levels (primal and dual cells), thus yielding
a compatible definition of face fluxes and nodal velocities. We point out that the present scheme satisfies the conservation of
momentum and total energy, plus an entropy inequality. In comparison to the two-dimensional first-order scheme
presented in [21], the present paper provides not only a high-order extension but also a general framework, which allows
to derive three-dimensional discretization and analyze the properties of the discrete model in a more rigorous way.
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The paper is organized as follows: first, we derive the spatial first-order discretization of the gas dynamics equations in
Lagrangian form and give its main features. Then, we show how to construct the second-order extension thanks to piecewise
linear monotonic reconstruction. We achieve the derivation of the numerical scheme by developing its second-order time
discretization and by giving some practical issues related to the time step limitations. Last, we validate our new scheme with
2D and 3D test cases. They are representative test cases for compressible fluid flows and demonstrate the robustness and the
accuracy of this new scheme.

2. Spatial discretization
2.1. Governing equations

Let D be an open subset of IR?, d = 2 or 3, filled with an inviscid ideal fluid and equipped with an orthonormal frame. We
are interested in discretizing the equations of the Lagrangian hydrodynamics. It is convenient, from the point of view of sub-
sequent discretization to write the unsteady compressible Euler equations in the control volume formulation which holds for
an arbitrai'y moving czontrol volume

d

i . PdV+  pU-x)-NdS=0, (1a)
i z’" 7 z

—  pUdV+  pUWU-«x)-NdS=—-  PNdS, (1b)
dt V(t) S(t) S(t)

d A A A

—  pEdV+  pEWU-x)-NdS=-  PU-NdS. (1c)
dt V(t) S(t) S(t)

Here, V(t) is the moving control volume, and S(t) its boundary. p, U, P, E are the mass density, velocity, pressure and specific
total energy of the fluid. N denotes the unit outward normal vector to the moving boundary S(t) whose velocity is denoted by
K (kinem%tic velocitfl). Implicit in the use of these equations is also the conservation of volume:

i dv — k-NdS=0. (2)
dt V() v(t)
This equation is also named geometric conservation law (GCL) and, it is equivalent to the local kinematic equations
dX
G X0 =x 3)

where X are coordinates defining the control volume surface at time t > 0 and x are the coordinates at time t = 0. Then,
X = X(x,t) are implicitly defined by the local kinematic equations, which are also named the trajectory equations. This en-
ables us to define the map
M. :V(0) - V(t),
x—X(x,t),
where X is the unique solution of (3). With fixed t, this map advances each fluid particle from its position at time t = 0 to its
position at time t. Let us introduce F = V,X, the Jacobian matrix of this map and J its determinant. Then, time differentiation
of J gives the classical equation
dJ
qi
which is nothing but the local version of the GCL equation (2).
The thermodynamical closure of the set of equations (1) is obtained by the addition of an equation of state which is taken
to be of the form
P="P(p,e), @)
where the specific internal energy, ¢, is related to the specific total energy by e =E —} |U|1*. The set of previous equations is
referred to as the Arbitrary-Lagrangian-Eulerian (ALE) integral form of the Euler equations and can be found in many papers
[2,17]. Egs. (1a)-(1c) express the conservation of mass, momentum and total energy.
In the Lagrangian formalism the rates of change of volume, mass, momentum and energy are computed assuming that the
computational volumes are following the material motion. This leads to the following set of equations

JV k=0,

d Z

— pdV =0, (5a)
dt V(t) 7

4 pudv+  PNdS—o, (5b)
dt _y 250

47 v+ Pe-NdS—o, (5¢)
dt s(t)

where the kinematic velocity x is obtained from the kinematic constraint
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VX € S(t), (X,t)=U(X,0). (6)

We notice that Eq. (5a) implies that the mass of the control volume remains constant.
2.2. Notations and assumptions

Let us consider the physical domain V/(0) that is initially filled by the fluid. We assume that we can map it by a set of cells
without gaps or overlaps. Each cell may be a general polygon in 2D or a general polyhedron in 3D. It is assigned a unique
index ¢, and is denoted by Q.(0). For a given time t > 0, we set Q.(t) = M,[Q(0)], where M, is the map previously defined.
Here, we assume that Q.(t) is still a polygon in 2D or a polyhedron in 3D, that is, the map M. is a continuous and linear function
over each element of the mesh. Here, we have used the term polyhedron to describe the types of three-dimensional cells over
which we discretize the conservation laws. Our definition of a polyhedral cell is a volume enclosed by an arbitrary number of
faces, each determined by an arbitrary number (3 or more) of vertices. If a face has four or more vertices, they can be non-
coplanar, thus the face is not a plane and it is not possible to define its unit outward normal. In order to avoid this problem,
we decide to divide each face into triangular facets without adding supplementary vertices because we do not want to add
supplementary unknowns. For instance, in the case of an hexahedron cell, each quadrangular face is divided into two trian-
gular faces. For the subsequent discretization, we assume that the boundary, 3Q.(t), of the cell c is the union of faces which
are (d — 1)-simplices, that is, segment for d = 2 and triangles for d = 3.

Each vertex of the mesh is assigned a unique index p and we denote by C(p) the set of cells that share a particular vertex p.
We subdivide each cell into a set of sub-cells. Each sub-cell is uniquely defined by a pair of indices c and p and is denoted by
Q. In 2D, this sub-cell is constructed by connecting the cell center of Q. to the midpoints of cell edges impinging on point p,
see Fig. 1. In order to define the sub-cell in 3D we must define the following auxiliary points: the cell center of Q., the cell
center of each face and the midpoint of each edge impinging on point p. In addition, these points are connected by straight
lines. The reunion of the sub-cells Q, that share a particular point p enables to define the vertex-centered cell, @, related to
the vertex p

[
Q= Qop. (7)
ceC(p)

With the previous notations, we have introduced a primal mesh formed by the cells Q. and a dual one formed by the vertex-
centered cells Q,. This dual mesh is also named median mesh. Here, we use completely similar notations to those introduced
in [7]. We denote by 92, and 0, the boundaries of the cells €, and Q.

In order to improve the readability of the paper we give hereafter the list of the different sets of index that will be used
throughout the paper. Let us note that the generic indices utilized in the sequel are c for the cells, p for the points (vertices)
and f for the faces.

o Sets related to the cell c:
‘P(c) denotes the set of points of the cell c;
F(c) denotes the set of faces of the cell c;
Fp(c) denotes the set of faces of the cell c that share point p.

Fig. 1. Fragment of a 2D unstructured grid, including cell Q. and point p. The solid lines defines the primal grid, and the dashed lines show the median
mesh. The median mesh is formed by connecting the cell centers, x, to the mid-side points, ¢. The dashed area shows the sub-cell Q.
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o Sets related to the point p:
C(p) denotes the set of cells that share point p;
F(p) denotes the set of faces that share point p.
o Sets related to the face f:
P(f) denotes the set of points of the face f.
o Sets related to the sub-cell cp:
F(cp) denotes the set of faces of the sub-cell cp that share the cell center of c;
Fp(cp) denotes the set of faces of the sub-cell cp that share the point p.

Using the previous notations it is straightforward to show that

Fe) = [ Fp(ep). 8)

PEP(c)

2.3. Discretization of the GCL

In order to define a numerical scheme for the GCL we have to properly define an approximated map M.. For sake of sim-
plicity we first make the supplementary assumption that the cells are d-simplices. We point out that the extension to the
case of a non-simplicial mesh in 2D (resp. in 3D) is performed by triangulating (resp. tetrahedralizing) polygons (resp. poly-
hedra) of arbitrary order so that the volume variation of any cells can be computed in a general manner on an unstructured
grid. Therefore, a continuous and linear map over each element will preserve the mesh structure. Using the finite element

formalism, this transformation is defined on the simplicial cell, Q.(t), by the position of its vertices X,(t)
X
Xc(x,t) = Pp(X)Xp(8), )

PEP(C)

where P(c) is the set of vertices of cell Q.(t) and ¢,(X) is the barycentric coordinate related to vertex p. Since the transfor-
mation is linear, the barycentric coordinate is invariant, that is, ¢,(X) = ¢,(x). Therefore, the approximated kinematic veloc-
ity field is obtained by time differentiation of (9)

X
Ko (X,t) = (pp(;ac)x,,(l“)7 (10)
peP(c)

where «, is the velocity of vertex p. The Jacobian matrix F. of this transformation is written
X
Fo= Kp(t) @ Vx@p,
peP(c)

where V, is the gradient operator defined with the x coordinates. F is a constant function since ¢, is linear. Therefore, its
determinant J. is also a constant function over the cell Q, which is equal to the volume of the cell.
The GCL equation is written

Z
% = k. -NdS,
dt 20(t),
X
= ke - NdS.
fere) |

R
Here, V. =, dV denotes the volume of the cell €, . is defined by (10) and F(c) denotes the set of faces of Q.. We notice
that each face f of the cell Q. is a (d — 1)— simplex and, the restriction of «. the face fis linear. Therefore, the integral in the
previous equation is written

1, X .
ke NdS==( " &) -SNj,

f d peP(f)

where P(f) is the set of vertices of face f, S; denotes the surface of face f, and N} its unit outward normal. Combining the

previous results we obtain the discretization of the GCL equation for a simplicial mesh
0 1

X X
dve lo KA - SiNf = 0. (11)

dr d

feF(o) PeP(f)
This fundamental equation describes the Lagrangian representation of fluid flow.

Comment 1. The GCL discretization can be utilized in a different way by noticing that Eq. (11) determines the discrete form
of the divergence of the velocity field over the cell Q.
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Q
S

0 1

X
= 1@ A - SfN;
feF(o) 0 peP(f) 1
1 X
= —@ SfN]EA . Kp.

€ peP(c) feFp(c)

Here, F,(c) denotes the subset of faces of Q. that share point p. By defining the corner vector, I';, that is associated with cell ¢
and point p
X

rs—

p Sfoc7

feFplo)

Q-

we finally obtain
1 X
(ch)C:VC T, - kp. (12)
peC(p)
This last equation has been previously derived and utilized in [9,10] in order to construct compatible hydrodynamics algo-
rithms using the method of Support Operators.

2.4. Discretization of the physical conservation laws

The aim of this section is to provide a discretization for the system of the physical conservation laws. Setting

0.1 0 1
1 0
q-BUK. ¢@.N -8 PN &, (13)
E Px-N
the system (5) can be written in the general form
d VA A
- pqdV + ¢(q,N)dS = 0. (14)
dt o oQc(t)

Here, we have used the control volume defined by the primal cell Q.. We notice that the first equation of the above system
corresponds to mass conservation. Its integration provides
VA

pdV =me,
Q(t)

where m, is the constant mass of the cell Q.. Let us define the mass averaged value of g over the cell Q.
VA

1
4= pqadv.

c  Q
By applying this definition for q = % we get the following form of mass conservation:
mc

Ve(t) = —=, 15
(=5 (15)
where p, is the mean value of the mass density over cell Q.. By using (15), we notice that the GCL can be rewritten

z
mCE L x-NdS=0. (16)
dt p. o

Therefore, the GCL can be viewed also as a physical conservation law related to the specific volume pl. With the previous

comments the system of physical conservation laws has the generic form ‘
z

d
Mme—=-q, + ¢(q,N)dS =0, 17
dt 02 (t
where we have set
0,1 0 1
E —K'N
0.-Bu k. san -8B PN K. (18)
E. Px-N
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We assume that the boundary, 0Q.(t), of cell c is the reunion of faces f which are (d — 1)-simplices. Thus, the physical con-
servation laws become

d X

feF(o)
where the face flux ¢; is defined by
VA
o5 = ; #(q,N)ds.

Since the face fis a (d — 1)-simplex its unit outward normal is constant, i.e. N(X, t) = N(t). Therefore, the numerical flux is
written
0 1
*Kf* . SfN}f
o = Pf*SfN; . (20)
(Px)} - SN}

x}', P}‘ and (Px)f denote the face fluxes defined by

1 Z

K=< x(X.0)dS, (21a)
S S

P} :sl P(X, t)dS, (21b)
f f z

(Pr)f :s]_f . (Px)(X, t)dS. (21¢)

Finally, we obtain the following set of discrete equations for the discrete variables pl, U, E.

d 1
ed b SiNf -1 =0, (22a)
eF(c)
d X cpx
me(U)+  SNiPF =0, (22b)
dt
feF(c)
d X c *
me g (E)+ SN - (Pu)f =0. (22¢)
t
feF(o)

The points motion is given by the discrete trajectory equation

d
o= X0 =%, (23)

where k, = np(ﬂl, U, E,) is the point velocity. We notice that all primary variables, including material velocity, are cell-cen-

tered as it is done in [2,21]. In order to complete this discretization the following important problems arise:

e How do we compute the face fluxes defined by system (21)?

e How do we compute the point velocities «,?

e These velocities being known, how can we ensure the compatibility between the mesh motion and the volume variations
of the cells?

We have already answered to the last question. In fact we have shown previously that (22a) is fully equivalent to the GCL
provided the face flux 7 is written

1 X
“d

peP(f)

Kf Kp. (24)
This fundamental relation enables to write two equivalent discretizations of the specific volume variation. It can be given in
term of the flux through the faces, or equivalently, in term of vertex fluxes. Moreover, the two discretizations are compatible
with the point motion under the condition (24).

Hence, one can consider two methods for computing the face velocities:

o The first one relies on the evaluation of the normal velocity using a one-dimensional Riemann solver at faces. The vertex
velocities have to be computed by solving a linear system built from equations (24) written for all the faces. This system is
in general singular, that is why we give up this approach and shall adopt a more robust method.
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¢ In the second method, the point velocities are first evaluated using some still-to-define solver. The face velocities are then
computed from (24). This is the technique we will use in the sequel of the paper because this method will guarantee the
compatibility between vertex motion and cell volumes variation.

Thus, our task consists in building a numerical solver that can compute the face fluxes Pf*, (Px)f* and the point velocity .
We resolve these questions in the next sections.

2.5. Derivation of the point velocity

We define a strategy to compute the nodal velocity. We recall that the kinematic velocity is assumed to be continuous and
linear in order to define a coherent map M, that preserves the structure of the mesh.

One natural way to obtain the nodal velocity consists in choosing the dual cell Q, instead of the primal cell Q. as a control
volume for the momentum equation

z z
dr pxdV + A PNdS = 0. (25)
Qp 0Qp
It leads to a staggered spatial placement of the variables wherein the position and the velocity are defined at grid points, and
density, internal energy, and the pressure are defined at cell centers [9].

Here, we will proceed differently by keeping a centered spatial placement of the physical variables (density, momentum,
pressure and total energy) and in the same time defining coherently the kinematic velocity to move the mesh. Consider a
point p and the cells ¢ € C(p) that share this point. In each cell c the fluid flow is characterized by the constant state
q. = (plc,Uc,EC)‘. One way to compute the point velocity k, consists in solving the multi-dimensional Riemann problem at
point p defined by the initial conditions q,,c € C(p), see Fig. 2. Its solution would provide also the point pressure P}, which
is the instantaneous value of pressure at point p immediately following the breakdown of the initial discontinuity. Knowing
kp and P; , we could easily compute the face fluxes ¢; and design a conservative scheme. Unfortunately, such an approach is
not possible since up to our knowledge the solution of such a multi-dimensional Riemann problem is still not known.

2.5.1. The classical approach

Dukowicz and its co-authors [2] suggest an alternative approach based on one-dimensional Riemann problems. Let us
consider c¢; and c,, two adjacent cells that share point p, see Fig. 3. We denote by f the common face to these cells and by
N;', N the unit outward normals related to this face. We set Ny = N> = —N;'. Here, the one-dimensional Riemann problem
is defined by the discontinuity of the state variables q, on either side of the cell face f, in the vicinity of point p.

The solution of this Riemann problem provides the unique pressure ;,*f and normal velocity x;} - Ny of the contact surface.
In the case of an approximate acoustic Riemann solver, these values satisfy the following linear system [13]

Pe, — Pl = —Z, (k% — U,,) - Ny, (26a)
P, — P% = Z, (% — U.,) - Ny, (26b)

where Z, for i = 1,2 is the acoustic impedance (i.e. the density times the isentropic sound speed). A straightforward calcu-
lation shows that

Fig. 2. Initial conditions for the multi-dimensional Riemann problem at point p.
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Kp

Fig. 3. Initial conditions for the one-dimensional Riemann problem at face f in the vicinity of point p.

oo ZePo + 2Py 2.7,

o Z, +Zo, Ze, +Z,

(Zfl UCl +Zfzufz) 'Nf _ PC] - sz
Ze +Z, Zo,+Ze,

(Ue, —U,,) - Ny, (27a)

K;}-Nf:

(27b)

Knowing ;} and x;} - Ny one gets immediately the face fluxes however, the point velocity is still unknown. In [2], «, is taken
to be the vector whose components normal to adjacent cell faces agrees with the Riemann velocity at each adjacent cell face,

in a weighted least squares sense
X
K, = argmin wr(p - Ny — % - Np)?,
feF(p)

where F(p) is the set of faces that share point p and wy is a positive weight defined in [2]. By noticing that in general
Kp »Nfséx;‘f - Ny, we realize that this way of deriving the point velocity leads to an inconsistency with the GCL discretization.
In addition, with such an approach the kinematic velocity x will be discontinuous in the vicinity of point p.

2.5.2. A new approach

To ensure consistency with the GCL discretization and continuity of the kinematic velocity around point p, we propose to
solve two half one-dimensional Riemann problems at each cell interface by assuming that its velocity is equal to the point
velocity «,. Thus, at each face f connected to point p, we introduce two interface pressures P;‘Cl rand P;‘CZf. see Fig. 4, defined by

Pe, =Py, j = ~Ze,(kp — Uc,) - Ny, (28a)
Pe, = Py = Zc,(sp — Ug,) - Ny. (28b)

By subtracting (28b) from (28a), we get

P;czf 7P;clf = (ch +ZCz)(x;:f 'Nf —Kp 'Nf)v

where ;. - Ny is the normal component of the face velocity originating from the solution of the one-dimensional acoustic
Riemann problem, refer to Eq. (27b). We notice that P* P;sz if and only if x}; - Ny = x, - Ny. In this case, we recover

perf =

Fig. 4. Localization of the multiple pressures for the half Riemann problems in the vicinity of point p.
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Px

the solution of the one-dimensional Riemann problem and we get P eof =

general «% - Ny#x;, - Ny we obtain the discontinuity P}, #Py..

It turns out that for each simplicial face f, through the use of Eq. (28), we have introduced 2d nodal pressures P* be,r and me
for p € P(f), from which we are able to compute the face fluxes. The discontinuity of these pressures 1mplles the loss of
momentum conservation for our cell-centered discretization. Moreover, the point velocity has not been yet determined.
In what follows, we shall present the solution of the issue related to the point velocity definition. Then, in the next section,
using this point velocity definition, we will show that the momentum conservation is recovered.

Since the momentum conservation equation, in its ALE form, (1b), is valid for any moving control volume V, we can write
it for the dual cell, 2, and for all the sub-cells, Q,, that surround point p

et = =Py and «% - Ny = x, - Ny = % - Ny Since in

A A A
% pUdv+  pUWU-x)-NdS+  PNdS=0, (29a)
dt o Q) a2
d Z A Z
4 pUdv+  pUWU-x)-NdS+  PNdS=0, VceC(p). (29b)
at o, Q0 0

We notice that (29a) expresses momentum conservation over the dual cell, whereas (29b) expresses momentum balance
locally over each sub-cell. The dual cell and its boundary can be decomposed knowing

[ [ [
Q= Qp 0Q,= 2,

ceC(p) ceC(p) feFe(cp)

where F.(cp) is the subset of faces of Q, that share point c and chp stands for a generic simplicial face of the sub-cell bound-
ary. Then, Eq. (29a) is rewritten

z x Z x Z

— pudv + pUWU —x)-NdS + PNdS5 = 0. (30)
feFeep) f fereep) f

3

The subdwm%n of the suia—ce% boundary 1
0Q, =@ [ XA [ @[ IPA,
feFe(cp) feFp(cp)
where F,(cp) is the subset of faces of Q, that share point p, enables to rewrite (29b) as
Z A
X X
pudv + pUWU —«x)-NdS + PNdS
feFp(cp) f 7 feFp(cp) f
X X
+ pUU —x)-NdS + PNdS =0, VceC(p).
feFeep) f feretep) f

We notice that the second term in the left-hand side is equal to zero since €. is a Lagrangian cell (U = « for f € F,(cp)). The
summation of the previous equation over all the sub-cells that surround point p yields
2 3
X 4% x Z x Z x x Z
4 pudv + pUU —«x) - NdS + PNdS5 + PNdS = 0.

cec(p) t o, fereep) S fere) S cec(p) ferplep) f

Finally, by subtracting this last equation from (30) we obtain

X PNdS = 0. (31)
cec(p) feFp(ep) |
By setting
1 Z
Py = 5 P(X,t)dS,

Eq. (31) can be rewritten
X
SiPpN; = 0. (32)

ceC(p) feFp(cp)

Note that this equation is invariant by any homothety centered at point p. It expresses the balance of momentum locally
around point p. Hence Ppcf can be viewed as a nodal pressure located at point p and related to cell ¢ and face f. Since the
velocity of face fin the vicinity of point p is equal to the nodal velocity «,, the nodal pressure P} e is computed using the fol-

lowing half approximate Riemann problem:
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Pe —PYy=Zc(ky — Uc) -NE,  for f € Fy(cp). 3

Here, Z. denotes the acoustic impedance defined in cell ¢ and N; is the unit outward normal related to the face S; for
f € Fp(cp). The substitution of (33) into (32) leads to
X X X X h i
SfZC(N; ® N]?)xp = SfPCN; + SfZC(N; ® NJ‘E)UC . (34)

ceC(p) feFp(cp) ceC(p) feFp(cp)

The nodal velocity satisfies a d x d system. Since the geometric variables (surface S; and unit outward normal N;) depend on
the nodal velocity «, via the trajectory Eq. (23), we notice that the previous system is non-linear. This nodal solver is the
multi-dimensional extension of the two-dimensional solver derived in [21].

2.5.3. Summary
By setting

X X
Mpy = SsZc(N; @ Ny),  for f € Fp(cp), and M, = Mper, (35)
ceC(p) feFp(cp)

*

the point velocit;/< Kp ar>1<d thﬁ point pressure P7 - related to cell ¢ and face f are written

i P

Kp = M;] SfPCN; + MpchC s
ceC(p) feFp(cp)

Py =Pc—Zc(k, —Uc)-N;, for f € Fp(cp).

We note that the matrix M, is symmetric positive definite and thus always invertible.

Comment 2. Here, we have derived the nodal velocity utilizing the acoustic approximate Riemann solver for which
Z. = p.ac, where a is the local speed of sound. As suggested by Dukowicz [13] we can use the artificial shock viscosity
approximation by rewritting (33) as

PC - P;Cf = chf(xp - Uc) . N;7 fOFf € ]—'p(Cp) (36)

with Z,s = p.ac +Ac | (ky — Uc) - Nf ||, where A, is a material-dependent parameter that is given in terms of the density ratio
in the limit of very strong shocks. In the case of a gamma law gas one gets A. = % where 7 is the polytropic index.

Comment 3. Instead of using the unit outward normal, N%, related to the face fin Eq. (33), one can introduce the average
corner normal N,. defined by

x C
SpeNpe = SiN¢.

feFp(ep)
Then, there is only one half Riemann problem corresponding to this unit normal and, it is written

P.—P* = Z.(k, — U.) - Np. (37)

pc

This amounts to define only one nodal pressure P;E for each cell that surrounds point p. With this choice, the system satisfied
by the nodal velocity is written
X

SpcZe(Npe @ Npe )y = SpcPcNpe + SpeZe(Npe @ Npe)U¢ . (38)

ceC(p) ceC(p)

Using the corner normal N, in the definition of the half Riemann problem (33), we have recovered the nodal solver devel-
oped in [12]. The force corresponding to the single nodal pressure P;C reads Fp. = SpcP;chc- We note that this sub-cell force is
always colinear to the geometric direction N,.. Due to this fact, it appears that the nodal solver proposed in [12] exhibits a
strong dependence to the cell aspect ratio. This problem can lead to numerical instability.

2.6. Fluxes approximation

The aim of this section is to provide an approximation of the face fluxes x}’, Pf*, (Px)}‘ for the discrete Eqs. (22) related to
the physical conservation laws. The face fluxes approximations are constructed by using a linear mapping over each simpli-
cial faces. This linear mapping utilizes the nodal velocity and pressures provided by the nodal solver. We shall show also that
this approximation enables us to recover momentum and total energy conservation.

Let us consider a cell ¢ and one face f € F(c). Since fis a (d — 1)-simplex, for each p € P(f) we introduce, ¢,, the barycen-
tric coordinate related to the vertex p. We recall the classical result

1 1
5 P,(X)dS = 5. (39)
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2.6.1. GCL flux
In order to be self-consistent, we recall briefly the face flux approximation that corresponds to the GCL equation. We have
shown previously that the velocity over the face fis written

k(X t) = X @,(X)wy(t), for X S
peP(f)
The substitution of the velocity field into the definition of the face flux (21a) leads to
1 X
~d

peP(f)

*

K} Kp. (40)

2.6.2. Momentum flux
The computations of the momentum and total energy fluxes are made using the following linear interpolation for the
pressure:

X
PX,t)= " ,(X)Ph(t). for X €S;.

peP(f)

Here, y, is a linear function over the face f to be determined. Since the nodal pressure P;‘cf is discontinuous across f we denote
the face flux Pz’f instead of Pf*. After substitution of the linear interpolation we get

1 VA
P:f =3 P(X,t)dS
5( f
= 7 P
peP(f)

where the unknown coefficient «, is written

1Z

Op = =
5 5

¥,(X)dsS. (41)
We claim that with this approximation of the momentum flux, momentum conservation is ensured. Omitting the boundary
conditions and summing the momentum equation on each cell, written with the previous approximation of the momentum
flux, we get the global balance of momentum

d X X X X -
— mlU, =- SN Py
¢ X ¢ %f(c) P>?7’(f) N
=- S¢Nfo,Py  thanks to (8)
€ peP(c) feFp(cp)
=- X o, % SCU SyN:P*
- P N pef
p ceC(p) feFp(cp)
=0.

Here, we have replaced the global summation over cells by a global summation over points and, we have used the fact that
P’ satisfies Eq. (32).

2.6.3. Total energy flux
We compute the total energy flux interpolation by combining the linear interpolations of the velocity and the pressure

X X
(Pr)(X,t) = Vg (X) @, (X)Pys(t)ip(t),  for X € S;.
peP(f) qeP(f)

Since the nodal pressure P;Ef is discontinuous across face f we denote the total energy face flux (Px):} instead of (Px)f*. After
substitution of the linear interpolation we get

peP(f) qeP(f)

where the unknown coefficient f,, is written
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1Z

Pog = 5 @p(X)rq(X) dS. (42)

We give a sufficient condition to ensure total energy conservation. We claim that if the coefficients $,, are written under the
form

Bpq = Cpopg, (43)

where C, is an unknown coefficient and 6, the Kronecker symbol, then the total energy conservation is ensured. The dem-
onstration consists in writing the global balance of total energy

d X X X X X I
a( mcEc) = — SiN¢BpgPor - ®p
¢ s( f“;{@ pe?;é/) qeP(f) N
=- StN;CpP - kp thanks to (43)
XC f;{(c) Dﬁgz(f) N
=- S¢N;CpP,y -k, thanks to (8)
c pe?é(f) feFp(ep) 1

X X X "
=- (@ SNEPYA -k,
p ceC(p) feFp(cp)
=0.
We note that the term between the parentheses are null because of the momentum conservation. Let us remark that total

energy conservation is achieved regardless the value of the constant C,. Here, the important property to satisfy total energy
conservation originates from the orthogonality relation between the basis {¢,} and {y,}.

2.6.4. Definition of the v, functions
Finally, it remains to determine the linear function v, for p € P(f) in order to compute the coefficients «, and C,. This
determination is performed using the following decomposition of the unknown function over the basis {¢,}

X
'#p = Al‘q(pcp pe P(f)v (44)
qeP(f)

where A, are the d* unknown coordinates of i, function. These coordinates are computed using the two following
conditions:

o Consistency condition: {i,} for p € P(f) must preserve constant functions, that is,
X
v, =1.
peP(f)

The substitution of ¢, in terms of its coordinates gives the equivalent condition

A =1, qeP{). (45)
peP(f)
« Energy conservation condition: y, must satisfy the condition
VA
1
S_f ; @,(X)g(X)dS = Cpdpg-

By substituting v, in terms of its coordinates and using the result

1? 1+9
5 XX =G
we obtain
- X (1+6pr)
5 Pp(X)hg(X)dS = A‘”M'

reeP(f)

Hence, we find that the coordinates must satisfy

Agr(148,,) =0, (p,q) € P*(f) and p=q. (46)
reP(f)
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The combination of (45) and (46) gives us a linear system of d* equations for the d* unknown coordinates Apg. We can show
that the determinant of this system is always non-null, thus this system admits a unique solution which is written

d ifp=gq,

A, =
PIT 1 if pq.

Therefore, the functions v, are written
by =d+1)p,-1. (47)
We notice that the basis {y,} can be viewed as the dual basis of {¢,}.

Finally, knowing the v, functions, we compute ¢, from (41) and g, from (42) to get

1 1)
% =g qu:%

and we deduce that the normalization constant, C,, is written C, = 1.

2.6.5. Summary
With the previous linear interpolations the face fluxes are written

Kp, (48a)
pef> (48b)

Phes- (48¢)
peP(f)

We notice that this formulation of the face fluxes leads to a numerical scheme that conserves momentum and total energy.
2.7. The semi-discrete evolution equations

We give in this section the summary of the semi-discrete evolution equations that constitute a closed set of equations for
the unknowns /% JUGLE .

d 1 1X X .
mc& — - a Sfo cKp = 0, (49&)
Pe feF (o) peP(f)
d 1 X X _— 49
mca(uc) +g S¢NPy; =0, (49b)
feF(c) peP(f)
d 1 X S NC. P 0 40
Mg Fta NG Pt =0 (490)
feF(c) peP(f)
We recall that the point velocity , and the point pressure P;’Cf are written
X X h i
Kp = M; SchN; + MpgUc (50a)
ceC(p) feFp(cp)
Pry=Pc—Zc(k, — Uc) -Nj, for f € Fy(cp), (50b)

where the d x d matrices M, and M, are defined by (35). The motion of the mesh is ruled by the semi-discrete trajectory
equation

Comment 4. In the Lagrangian formalism we have to consider two types of boundary conditions on the border of the
domain D: either the pressure is prescribed or the normal component of the velocity. Here, we do not detail the
implementation of these boundary conditions. Let us notice that they are consistent with our nodal solver. For a detailed
presentation about this topic the reader can refer to [21].
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2.8. Entropy inequality for the semi-discrete scheme

We show that our scheme in its semi-discrete form satisfies a local entropy inequality. We compute the time variation of
the specific entropy o, in cell c using the Gibbs formula
do, de, d 1

chcE:mc E‘F ca ;C 5

(51)

where T, denotes the mean temperature of the cell. Thanks to the definition of the internal energy this equation is rewritten
do. dE. dUc d 1

T.—£ =
Mmele ge =Me “qp ~Uegp +Pege 0.
We dot-multiply Eq. (49b) and substract it from the total energy Eq. (49¢) and we get
dE, du, 1 X X
me __UC'_ = —— Sfo o ( UC)
dt dt d feF(c) peP(f) "

The pressure work is computed by multiplying (49b) by P, and it is written

X
P, ;t( 1 ) = % SfN;PC - Kp
Pe feF(c) peP(f)
1 X
=3 SfN;PC (rp —Up).
feF(c) peP(f)

The last line of the previous equation comes from the fact that for a closed polyhedron we have
X

SiN¢ = 0.

fer(o)
Finally, the combination of the previous results yields

dGc 1 X X C *
mTe=5 = SiNf(Pc — Phy) - (1, — UL). (52)

feF(c) peP(f)

Now, using the definition of the pressure flux (50b) we get
do. 1 X X
mcrcd—; =3 SiZ[(, — Uc) - NfJ2.

feF(c) peP(f)
This equation represents a local entropy inequality for the semi-discrete scheme since its right-hand side is always positive.
The case of the fully discrete scheme is not studied here. However, it is possible in this case to derive a discrete entropy
inequality for the first-order scheme, which is valid under a CFL-type condition. The entropy production associated with

the high-order scheme has not been studied yet. One could probably address this topic using the theoretical framework de-
rived in [30].

Comment 5. The entropy production of our semi-discrete centered scheme has a structure very similar to the artificial
viscosity term used in staggered scheme [8]. But, we must admit that our entropy production term is always active even in
the case of isentropic flows. For such flows our scheme does not conserve entropy. This property is typical from Godunov-
type schemes. However, this extra entropy production can be dramatically decreased by using a second-order extension of
the scheme.

3. Spatial second-order extension

The spatial second-order extension is obtained by a piecewise linear monotonic reconstruction of the pressure and veloc-
ity, given by their mean values over mesh cells [4,3].

3.1. Piecewise linear reconstruction

Let u = u(X) denotes a fluid variable (pressure or velocity components), we assume a linear variation for u in cell c
uc(X) =uc+ Vuc - (X — Xo). (53)

Here, u, is the mean value of u in cell c and Vu, is the gradient of u that we are looking for. We note that X, = - @ XdV is the
cell centroid so that the reconstruction is conservative. The gradient in (53) is computed by imposing that
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u.(Xy) =us for ¢ €C(c),

where C(c) is the set of neighboring cells of cell c. This problem is generally overdetermined and thus the gradient is obtain
by using a least squares procedure. Hence, it is the solution of the following minimization problem

X
Vu, = argmin e — te — Ve - (Xo — Xo)].
c'eC(c)

A straightforward computation shows that this solution is written

X
Vu, = M;! (U — u)(Xe — Xo), (54)
c'eC(c)
where M, is the d x d matrix given by

X
Mc=  (Xe —Xo)® (Xe — Xe),

ceC(c)

we notice that M, is symmetric positive definite and thus always invertible. The main feature of this least squares procedure
is that it is valid for any type of unstructured mesh and moreover it preserves the linear fields.

3.2. Monotonicity

To preserve monotonicity, we limit the value that the gradient is allowed to take, using the Barth Jespersen multi-dimen-
sional extension [4] of the van Leer’s classical method. For each cell, we introduce the slope limiter ¢, € [0, 1] and the limited
reconstructed field

ul[im(x) =Uc+ (/)CVUC : (X - Xc)y (55)

where Vu, denotes the approximated gradient given by (54). The coefficient ¢, is determined by enforcing the following local
monotonicity criterion
umin < ulimxX) < u™* vX ec. (56)

Here, we have set u™" = min(minecc(), tc) and uM* = max(maXeec(, Uc). Since the reconstructed field is linear we note that
it is sufficient to enforce the following conditions at the points

uf™ <u™(X,) < uf*, wp e P(c), (57)

so that the quantity u in the cell ¢ does not lie outside the range of the average quantities in the neighboring cells. Thanks to
this formula we can define the slope limiter as

= min
(,lsc peP(c) ¢c,p

knowing that

8
3 Hu Ut f (X)) — U > 0,

Uc(Xp)—Uc

bep = 5 M uf;“p;fgf if uc(X,) —uc <0,
1 if uc(X,) —uc.=0.

Here, i denotes a real function that characterizes the limiter. By setting 1(x) = min(1,x) we recover the Barth Jespersen lim-
iter. We can also define a smoother -in the sense that it is more differentiable- limiter by setting p(x) = x’iﬁ"z. This limiter has
been introduced by Vankatakrishnan [31] in order to improve the convergence towards steady solutions for the Euler
equations.

Finally, instead of using the mean values of the pressure and the velocity in our nodal solver, we use their nodal extrap-

olated values deduced from the linear monotonic reconstruction.

4. Time discretization

For the time discretization of the semi-discrete evolution Eqs. (49a)-(49c) we use a second-order predictor-corrector
scheme. We assume to know the physical properties in the cell ¢ and its geometrical characteristics at the beginning of
the time step t", i.e., p!, U, E, P¢ and X}, for p € P(c). Setting At = "1 — ¢", we want to compute the physical values at time
t"*1 using the following predictor-corrector time integrator.



P.-H. Maire, B. Nkonga/Journal of Computational Physics 228 (2009) 799-821 815
4.1. Predictor step
We denote with the superscript n + 1,1 the values at the end of this predictor step.

o We compute the nodal values with the nodal solver: knowing the physical variables and the geometry at time t" we com-
pute the nodal velocity x; by solving the linear system (34), then we deduce the nodal pressure related to face fand cell c,
P, thanks to Eq. (33).

e point motion: we advance the points position using the trajectory equation

n+1,1 _ wyn n
X, =X, + Atx,

e We update the geometry and density: knowing X"“ ‘1 we compute the geometry and particularly the volume of the cell
V™1 and deduce from it the new density p+!! frorn mass conservation.
e We update the momentum and the total energy by solving

At X
11
mc(Uz” Un) + _l SnNcnP;Cfn 0
feF(c) peP(f)
+1,1 *,
mc(E'g En) +—! S”Ncn Ppcfn z 0.
feF(c) peP(f)

e We update the specific internal energy and the pressure

1

11 +1.1

gt =E" - 3 |
11 _ ,

P2+ (szl 1 ?+1 1 )

U21+1.1 | 2 )

4.2. Corrector step
We use the predicted values in order to complete the time discretization

o We compute the nodal values with the nodal solver: knowing the physical variables and the geometry at the end of the
predictor step we compute the nodal velocity x”” 1 by solving the linear system (34), then we deduce the nodal pressure
related to face fand cell ¢, P3*""!, thanks to Eq (33).

e Point motion: we advance the points position using the trajectory equation with the centered velocity

At n+1,1

5 (Kkp +150).

Xngl Xn
e We update the geometry and density: knowing X““ we compute the geometry and particularly the volume of the cell
V™! and deduce from it the new density p/*! from mass conservation.
. We update the momentum and the total energy by using the centered fluxes
At X X

1 1.1 1.1 1.1
mC(UICH Un) +ﬁ (anc nP;cF Sn+ Nc N+ P;C}H ) — 07
feF(c) peP(f)
At X X
mC(Ercwl En) + ﬁ (SFN;” P;c]? Z Sn+1 lNc n+1,1 P;C}Hl IKZM 1) 0.
feF(c) peP(f)

e We update the speciﬁc internal energy and the pressure

n+1 EHH HUn+1 HZ

P = P )

Comment 6. We note that we could also use the time discretization of the GCL (49a) to compute the updated value of the
density. However, since the geometrical part of the volume variation flux is a quadratic function of time, one needs to
perform the time integration exactly in order to ensure the consistency between the discretized GCL and the cell volume
variation [22,23].
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Comment 7. The geometrical part of the momentum and total energy fluxes is discretized in an explicit manner in order to
preserve the compatibility with the nodal solver. Thus, the scheme conserves exactly momentum and total energy.

4.3. Time step limitation

The time step is evaluated following two criteria. The first one is a standard CFL criterion which guaranties heuristically
the monotone behavior of the entropy. The second is more intuitive, but reveals very useful in practice: we limit the vari-
ation of the volume of cells over one time step.

4.3.1. CFL criterion
We propose a CFL like criterion in order to ensure a positive entropy production in cell ¢ during the time step. At time t,,

for each cell c we denote by 4] the minimal value of the distance between two points of the cell. We define

LA

Atg = CE min —C,

c a?
where Cg is a strictly positive coefficient and a. is the sound speed in the cell. The coefficient Cr is computed heuristically and
we provide no rigorous analysis which allows such formula. However, extensive numerical experiments show that Cz = 0.25
is a value which provides stable numerical results. We have also checked that this value is compatible with a monotone
behavior of entropy. The rigorous derivation of this criterion could be obtained by computing the time step which ensures
a positive entropy production in cell ¢ from time t" to "1,

4.3.2. Criterion on the variation of volume
We estimate the volume of the cell ¢ at t = t™! with the Taylor expansion
n+1 n d n
Vil = Vi + Ve (thAL
dt
Here, the time derivative 4V, is computed by using (11). Let Cy be a strictly positive coefficient, Cy €]0, 1[. We look for At
such that

n+1 n
Mvig‘/c\gcv,
To do so, we define
Aty =C min(viﬁ)
AT

For numerical applications, we choose Cy = 0.1.
Last, the estimation of the next time step At™*! is given by

At™! = min (Atg, Aty, CyAt"), (58)

where At" is the current time step and Cy is a multiplicative coefficient which allows the time step to increase. We generally
set Cyy = 1.01.

5. Numerical results

In this section, we present several test cases in order to validate our numerical scheme. For each problems, we use a per-
fect gas equation of state which is taken to be of the form P = (y — 1)pe, where y is the polytropic index.

5.1. 2D Sedov problem

This test case describes the evolution of a blast wave in a point symmetric explosion for a gas characterized by y = Z. An
exact solution with cylindrical symmetry is derived with self-similarity arguments in [19]. The initial density has a uniform
unit distribution, and, the pressure is 10°® everywhere, except in the cell containing the origin. For this cell we define
P = (y—1)p% where & = 0.244816 is the total amount of released energy. For tlais value, it is shown in [19] that the exact
solution is a cylindrically symmetric diverging shock whose front is at radius r =~ (x> +y?) = 1 and has a peak density of 6.

First, we perform a computation on the [0, 1.2] x [0, 1.2] quadrant, subdivided into 30 x 30 squares. The results obtained
in Fig. 5 are quite good and they assess the ability of the method to respect the cylindrical symmetry. We notice that these
results are very close to those obtained in [20] for the same setup but using a staggered scheme. For the same problem, we
have also displayed in Fig. 6 the results obtained on a polygonal grid which is defined in [20]. Once more the result shows a
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6 second order ©

6.66e-003 1.79e+000 3.58e+000 5.36e+000 0 02 04

Fig. 5. 2D Sedov problem on a Cartesian grid: density map (left) and density in all the cells (right) at t = 1.

T
analytical
6 second order O

2.02e-003 1.81e+000 3.61e+000 5.41e+000
Fig. 6. 2D Sedov problem on a polygonal grid: density map (left) and density in all the cells (right) at ¢t = 1.

good agreement with the analytical solution. The numerical method preserves very well the one-dimensional cylindrical
solution. This demonstrates the ability of our solver to handle unstructured mesh.

5.2. 2D Noh problem

This test case has been introduced by Noh in [24]. A gas with y = 2 is given an initial unit inward velocity. A circular shock
wave is generated which at time t = 0.6 has a radius of 0.2. The initial thermodynamic state ispgiven by (p,P) = (1,107%). The
initial domain is defined by [R, 6] € [0; 1] x [0,T] where the polar coordinates are given by r =~ x2 + y2 and 6 = arctan(). We
use an non-